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A Lyapunov Analysis of a Most Probable Path
Finding Algorithm

Yuanqiu Mo , Member, IEEE , Soura Dasgupta , Fellow, IEEE , and Jacob Beal , Senior Member, IEEE

Abstract—Distributed information spreading algorithms
are important building blocks in Aggregate Computing. We
consider a special case, namely for finding a most proba-
ble path for message delivery from a set of sources to each
device in a network. We formulate a Lyapunov function to
prove its regional stability subject to initialization of esti-
mated probabilities to the natural interval [0, 1). We also
prove that the algorithm converges in a finite time, and is
ultimately bounded under persistent measurement errors.
We provide tight bounds for convergence time, the ultimate
bound, and the time for its attainment.

Index Terms—Lyapunov function, regional stability,
aggregate computing, ultimate bounds.

I. INTRODUCTION

AGGREGATE Computing [1] has been proposed for
device coordination in open complex networks like

smart cities, edge computing systems, and the Internet of
Things (IoT) [2]. Such systems involve compositions of dis-
tributed algorithms. Being open, they must accommodate an
unbounded number of devices and services. Each device shares
multiple tasks with neighbors by seamlessly and safely com-
municating locally, often under feedback, and is subject to
perturbations.

As ordinary distributed algorithms focus overly on message
construction and passing, the analyses of their compositions
are typically limited to self-stabilization. None exist for tran-
sient performance like time to converge or bounds under
persistent perturbations, needed to guarantee safe operations.
Aggregate Computing [1] avoids these problems by mak-
ing message passing details implicit and enforcing strict
abstraction barriers information access. This allows each
component of a distributed system to be analyzed separately.
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Compositions of three basis blocks realize most coordination
tasks: G block spreads information from sources across a
network, C collects information from devices to sources,
and T performs timing operations. Each is a self-stabilizing
distributed algorithm [1].

Recently we have analyzed G blocks beyond self-
stabilization; e.g., [3] considers a fairly general G block and
proves its uniform asymptotic stability, providing a bound on
the convergence time, proving it to be ultimately bounded
under perturbations, quantifying the ultimate bounds and a
bound on the time to attain them. None of the bounds pro-
vided in [3] are tight. Nor is a Lyapunov function used. As
explained in [4], providing tight bounds is important, as is
the use of a Lyapunov function, which can permit closed loop
analysis using variants of the small gain theorem, [5].

Special cases often permit tighter results. Indeed, [4] con-
siders the Adaptive Bellman-Ford (ABF) algorithm, a special
G block, which finds the distance of each device in a network
from a source set. For ABF, [4] provides a Lyapunov function,
proves ultimate boundedness under persistent perturbations,
and provides tight bounds on the time to converge, the ultimate
bounds, and the time to attain them.

We show that the Lyapunov function of [4] also applies to
another special case for finding a Most Probable Path (MPP)
between a set of sources and each device in a network. Given
the probabilities of correct transmission through independent
edges in a network of devices, this finds the smallest proba-
bilities of failed transmission from a source set to each device
in a network and, implicitly, a corresponding path.

Like the shortest path problem [6], [7], MPP has been
used for routing in cognitive radio and [8], network-driven
contagion phenomena [9], DNA sequencing [10], language
processing [11], and temporal networks [12]. These either
require initial estimates to be overestimates, unsustainable
under perturbations, or cannot provide convergence time or
prove robustness. While one can find the largest probabil-
ity of transmission using ABF applied to negative loga-
rithms of probabilities, the results on tight ultimate bounds
derived in [4] do not hold. Tight bounds under additive
perturbations in the edge probabilities are critical to set-
ting up Lyapunov based small gain variants as in [5]
toward our eventual goal of analyzing G blocks under feed-
back.

With the Lyapunov function of [4], we prove here that the
MPP Algorithm (MPPA) is regionally stable: Convergence is
assured if the initial probability estimates are in [0, 1). We
also prove that MPPA is ultimately bounded under persistent
perturbations in the edge probabilities, e.g., due to measure-
ment/communication noise or feedback and bound the time
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to attain these bounds. Bounds on the convergence time, the
ultimate bounds and the time to attain them are tight.

In the remainder of this letter, Section II presents the
algorithm, Section III the Lyapunov function, Section IV
the convergence time, Section V the robustness analysis,
Section VI provides simulations, and Section VII concludes.

II. PRELIMINARIES AND THE PROBLEM

We model the network of devices as an undirected graph
G = (V, E), with V = {1, 2, . . . , N} the set of nodes or
devices, and E the set of edges, i.e., communication links
between nodes. Node j is a neighbor of node i if there is an
edge between i and j. We define N (i) as the set of neighbors
of node i, and eij is the probability of successful transmission
between neighbors i and j. The eij are independent and obey

0 < emin ≤ eij ≤ emax < 1, ∀i ∈ V and j ∈ N (i). (1)

Let S � V be the source set. There may be multiple paths
from a source to a node with the same failure probability,
e.g., if a source has two-edge paths to a node with each edge a
probability of 0.5. Thus, the most probable path is not unique.
The minimum probability of failed transmission (henceforth
called probability of failure) from S to a node, designated as
pi is however unique. Thus we will find the smallest probability
of failure. One of the MPPs will emerge as a byproduct.

Under independence, the probability of failure at i in trans-
mitting through j is 1 − (1 − pj)eij. Thus from Bellman’s
principle of optimality [7], assuming probability of failure
from S to itself is zero, pi the true smallest probability of
failure from S to i obeys:

pi =
{

min
j∈N (i)

{1 − (1 − pj)eij} i /∈ S

0 i ∈ S.
(2)

Definition 1: A minimizing j in the first bullet of (2) used
to find pi, is i’s true constraining node. The set of true con-
straining nodes of a node i ∈ V \S is defined as C(i). A source
is its own true constraining node.

Then an MPP to i is any sequence of true constraining
nodes from S to i. Define p̂i(t) as the estimate of pi. On the
basis of these estimates the minimum error probability from
S to i at t + 1 is

p̂i(t + 1) =
{

min
j∈N (i)

{1 − (1 − p̂j(t))eij} i /∈ S

0 i ∈ S.
(3)

This defines MPPA. Consider,
Definition 2: Call ci(t + 1) = arg minj∈N (i){1 − (1 −

p̂j(t))eij}, i’s constraining node at t + 1.
A sequence of ck(t + 1) starting from S to � is thus an esti-

mated MPP to � at a given iteration. We show later that each
p̂i(t) converges to the unique pi and thus ci(t) will converge
to a true constraining node of i. Even when MPPs to i start
from multiple sources one of these will be chosen depending
on initialization and the chosen ci(t).

Assumption 1: The graph G = (V, E) is connected, undi-
rected, S �= V , with eij obeying (1). Further at the initial time
t0, ∀i ∈ S, p̂i(t0) = 0 and ∀i ∈ V \ S, p̂i(t0) ∈ [0, 1).

A simple induction on time t can prove that, with the initial
estimates defined in Assumption 1, p̂i(t) under (3) obeys 0 ≤
p̂i(t) < 1 for all t ≥ t0 and i ∈ V .

The following definition is crucial:

Definition 3: Consider any sequence of nodes in G with
each a true constraining node of its successor. The effective
diameter of G, D(G), is the length of longest such sequence.

The proof showing that D(G) is finite is similar
to [4, Lemma 1] and is thus omitted. Further, pi in (2) obeys
0 ≤ pi < 1 for all i ∈ V . This proof is also omitted.

III. A LYAPUNOV FUNCTION

We now present a Lyapunov function. Define the estimation
error at node i as �i(t) = p̂i(t)−pi. Further, define the greatest
overestimate of the error �+(t) and the least underestimate of
the error �−(t) below,

�+(t) = max

[
0, max

i
�i(t)

]
,

�−(t) = max

[
0,− min

i
�i(t)

]
. (4)

Their sum forms our Lyapunov function:

L(t) = �+(t) + �−(t). (5)

Clearly, L(t) ≥ 0 as �+(t) ≥ 0 and �−(t) ≥ 0, and equality
holds iff for all i ∈ V , �i(t) = 0. Define

K+(t) = {
i ∈ V|�i(t) = �+(t)

}
and (6)

K−(t) = {
i ∈ V|�i(t) = −�−(t)

}
. (7)

Lemma 1 shows that a nonzero �+(t) must decrease.
Lemma 1: Consider (3) under Assumption 1. With �+

defined in (4), if �+(t) �= 0, then for all t,

�+(t + 1) ≤ emax�
+(t). (8)

Proof: Consider l ∈ K+(t + 1). Suppose j ∈ N (l) is a true
constraining node of l, i.e., from (2) and Definition 1,

pl = 1 − (1 − pj)elj. (9)

Then from (6),

�+(t + 1) ≤ 1 − (1 − p̂j(t))elj − pl (10)

= 1 − (1 − p̂j(t))elj − (1 − (1 − pj)elj) (11)

= (p̂j(t) − pj)elj = elj�j(t) ≤ emax�
+(t), (12)

where (10) uses (3), (11) uses (9), (12) uses (1) and (4).
Similarly, for �−(t), we have the following lemma.
Lemma 2: Consider (3) under Assumption 1. With �−

defined in (4), if �−(t) �= 0, then for all t,

�−(t + 1) ≤ emax�
−(t). (13)

Proof: Consider l ∈ K−(t+1). Suppose j is the constraining
node of l at time t + 1, then

�−(t + 1) ≤ 1 − (1 − pj)elj − p̂l(t + 1) (14)

= 1 − (1 − pj)elj − (1 − (1 − p̂j(t))elj) (15)

= (pj − p̂j(t))elj = −elj�j(t) ≤ emax�
−(t), (16)

where (14) uses (2), (15) uses (3), (16) uses (1) and (4).
Theorem 1 proves that (3) is regionally stable, in the sense

that p̂i(0) ∈ [0, 1), guarantees convergence to p̂i = pi.
Theorem 1: Under conditions of Lemma 1 and Lemma 2,

L(t + 1) ≤ emaxL(t), ∀t ≥ t0. (17)

Further p̂i = pi, ∀i ∈ V is the only stationary point of (3).
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Proof: Lemmas 1 and 2 prove (17) when L(t) > 0. If L(t) =
0 then p̂i(t) = pi, ∀ i ∈ V and from (3) and (2), for i ∈ V
and all t, p̂i(t) = pi. Thus, (17) holds for L(t) = 0 as well and
p̂i ≡ pi for all i ∈ V is a stationary point of (3). Now suppose
there exists another stationary point p̂i = p∗

i . Then L(t) > 0
and p∗

i cannot be a stationary point.
As 0 < emax < 1 by (1), Theorem 1 establishes the regional

exponential stability of (3). It is regional because we require
p̂i(0) ∈ [0, 1]. Even though the Lyapunov function on [4] is
the same, the result here is different. In [4], all that could be
proved is that for some nonzero a > 0, L(t + D(G) − 1) ≤
max [0, L(t) − a]. The decline proved is not at every instant.
Further no bound on a is provided. In contrast here one has
an exponential decline at a rate lower bounded by emax.

From lemmas 1 and 2 with �(t) = [�1(t), . . . ,�N(t)]T ,
L1(t) = ‖�(t)‖∞ = max{�+(t),�−(t)}, also obeys L1(t +
1) ≤ emaxL1(t), i.e., L1(t) is an alternative Lyapunov function.

IV. TIGHT BOUND ON TIME TO CONVERGENCE

We now tightly bound the convergence time.
Theorem 2: Under Assumption 1, �+(t) defined in (4)

obeys

�+(t) = 0, ∀ t ≥ t0 + D(G) − 1. (18)

Proof: As G is connected, each node belongs to a chain of
nodes n1, n2, . . . , nT , such that ni is a true constraining node
of ni+1 and n1 ∈ S. Note T ≤ D(G). We prove

�ni(t) ≤ 0, ∀ t ≥ i − 1 + t0, and i ≤ T. (19)

Then the result is proved from (4). As n1 ∈ S, (19) holds for
i = 1. Now suppose it holds for some i ∈ {0, . . . , T − 1}.
As ni ∈ C(ni+1) ⊂ N (ni+1), from (3), (2) and the induction
hypothesis that p̂ni(t) ≤ pni for t ≥ i+ t0, for all t ≥ i+1+ t0,

p̂ni+1(t) ≤ 1 − (1 − p̂ni(t − 1))enini+1

≤ 1 − (1 − pni)enini+1 = pni+1 .

Thus (19) holds and hence (18) is true.
Lemma 3 lower bounds the decay rate of �−(t).
Lemma 3: Under the conditions of Lemma 2, suppose

S−(t) = {i ∈ V|�i(t) < 0} �= ∅ (20)

and p̂min(t) = mini∈S−(t){p̂i(t)}. Then,

1 − p̂min(t + 1) ≤ emax(1 − p̂min(t)) (21)

Proof: If S−(t + 1) �= ∅ is not empty then from Lemma 2
and (7), S−(t) �= ∅. Suppose j is the constraining node of
i ∈ S−(t + 1). Then we assert that j ∈ S−(t). Indeed assume
j /∈ S−(t). Thus p̂j(t) ≥ pj. As j ∈ N (i),

p̂i(t + 1) = 1 − (1 − p̂j(t))eij ≥ 1 − (1 − pj)eij ≥ pi.

Thus i /∈ S−(t + 1), raising a contradiction. Thus,

1 − p̂i(t + 1) = 1 − p̂min(t + 1) = (1 − p̂j(t))eij

≤ (1 − p̂min(t))eij ≤ (1 − p̂min(t))emax

Thus, as 0 ≤ p̂i(t) < 1 for i ∈ V and all t, p̂min(t) strictly
increases unless S−(t) is empty. We now tightly bound the
time to convergence in the following theorem.

Theorem 3: Under conditions of Lemma 1 and Lemma 2,
consider (3), D(G) defined in Definition 3 and emax defined

Fig. 1. Illustration of the tightness of convergence time. The entire graph
is used in the proof of Theorem 3.

in (1). Define pmax(G) = maxi∈V{pi}, for G = (V, E). Then
L(t) = 0,∀t ≥ t0 + T with T equaling

max

{
D(G) − 1, T− =

⌈
logemax

(
1 − pmax(G)

1 − p̂min(t0)

)⌉}
.

Further, for all |V| > 3, there exists a G satisfying
Assumption 1 for which L(t) > 0 for all t < T .

Proof: That �+(t) = 0 for all t − t0 ≥ D(G) − 1 follows
from Theorem 2. Suppose for some t1 ≥ T− + t0, �−(t1) > 0.
Then 1 − p̂min(t1) > 1 − pmax(G). Then from Lemma 3, and
the fact that 0 < emax < 1, and dropping the arguments of
pmax(G) and p̂min(t0) in the last term,

1 − pmax(G)

1 − p̂min(t0)
< et1−t0

max ≤ e
logemax

(
1−pmax(G)

1−p̂min(t0)

)
max = 1 − pmax

1 − p̂min
,

establishing a contradiction. Thus �−(t) = 0 for all t ≥ T−.

For tightness of T consider Figure 1 where S = {0}, emax >

e > 0, p̂i(t0) > pmax(G) ∀ i ∈ {1, . . . , n} and p̂i(t0) = 0, ∀ i ∈
{n + 1, . . . , 3n}. Observe, D(G) = n + 1. As p0 = 0, from (2)

(1 − pk) = ei, ∀ k ∈ {i, n + i, 2n + i} and i ∈ {1, . . . , n}. (22)

We now show by induction on t that for all i ∈ {1, . . . , n},
p̂i(t) > pi ∀ t ≤ t0 + i − 1. (23)

If i’s constraining node j, has p̂j(t) > pj then with k ∈ C(i)

p̂i(t + 1) > 1 − (1 − pj)e ≥ 1 − (1 − pk)e = pi. (24)

Then (23) holds at t = t0, as p̂i(t0) > pmax(G) for all i ∈
{1, . . . , n}. Suppose, it holds for some � ∈ {1, . . . , n − 1} and
all t0 ≤ t ≤ t0 + �. Consider t0 ≤ t ≤ t0 + � + 1. By the
induction hypothesis, p̂k(t0 + � − 1) > pk for all k ∈ C(i)
and i ∈ {� + 1, . . . , n}. Then from (24) p̂i(t0 + �) > pi and
i ∈ {� + 1, . . . , n} proving (23). We next show by induction
on i that p̂i(t) = pi for all i ∈ {0, . . . , n} and t ≥ t0 + i.
The result clearly holds for i = 0. Suppose it holds for some
� ∈ {0, . . . , n − 1} and i ∈ {0, . . . , �}. From (22), pi > pi−1
for all i ∈ {0, . . . , n}. Thus C(i) = {i − 1}. Then because
of (23) and the induction hypothesis, the result holds as for
all i ∈ {0, . . . , � + 1} and t ≥ t0 + � + 1,

p̂i(t) = 1 − (1 − p̂i−1(t − 1))e = 1 − (1 − pi−1)e = pi.

Choose for some integer m, em
max = e. Then the Appendix

shows that for all i ∈ {1, . . . , n}
p̂n+i(t) = p̂2n+i(t) = pn+i, ∀t ≥ nm (25)

and p̂2n(t) < p2n ∀t ≤ nm. From (22), 1−pmax(G) = en. Then
the result follows as T− equals⌈

logemax

(
1 − pmax(G)

1 − p̂min(t0)

)⌉
= ⌈

logemax
emn

max

⌉ = mn.
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In Figure 1, |V| = 3n + 1. For |V| = 3n + 2 and |V| = 3n + 3
add one and two sources respectively, that are connected only
to 0. This does not change D(G) or pmax(G).

The proof shows that D(G) − 1 is the tight bound
on the convergence time of �+ and T− for �−. Thus
T is also a tight upper bound on the convergence of
L1(t) = ‖�(t)‖∞.

V. ROBUSTNESS UNDER PERTURBATIONS

We now turn to the ultimate boundedness of the MPPA
under persistent perturbations on the eij due to feedback or
mobility. The changes from the nominal values eij are

ēij(t) = eij + εij(t). (26)

Assume that with emin and emax in (1)

∃ ε such that |εij(t)| < ε < min{emin, 1 − emax}. (27)

Thus 0 < ēij(t) < 1. Bounded additive noise in communicat-
ing p̂i to neighbors is equivalent to additive errors in eij. To
accommodate this we permit asymmetric errors:

ēij(t) �= ēji(t). (28)

In particular, ēij(t) is the value seen by node i as opposed to
node j. Thus for all i /∈ S, (3) is interpreted as:

p̂i(t + 1) = min
j∈N (i)

{1 − (1 − p̂j(t))ēij(t)}. (29)

Definition 4: In G, call a path from a node i to the source
an MPP, if it starts at i, ends in S and each node in the path is
a true constraining node of its predecessor. We call an MPP
from i, the longest such if it has the most number of nodes
among all MPPs of i. Call Fk the set of nodes whose longest
MPPs to the source have k + 1 nodes.

If i has two most probable paths with two and three nodes
then i /∈ F1 but i ∈ F2. Further F0 = S and ∀i ∈
{0, 1, . . . ,D(G) − 1},Fi �= ∅, and ∀j ∈ Fk+1, C(j) ∩ Fk �= ∅.
The smallest failure probability to a node in Fk is

pk min = min
j∈Fk

{pj}. (30)

We make the following assumption.
Assumption 2: The graph G is connected and undirected;

S �= V; (26) under (27) and (1) holds. eij = eji. Further, ∀i ∈
S, p̂i(t0) = 0 and ∀i ∈ V \ S, p̂i(t0) ∈ [0, 1). Without loss of
generality, assume that t0 = 0.

As ēij(t) ∈ (0, 1), under Assumption 2, p̂i(t) in (29) obeys

p̂i(t) ∈ [0, 1), ∀t ≥ 0,∀i ∈ V. (31)

The following proves the ultimate boundedness of �+(t).
Lemma 4: Suppose Assumption 2 holds. Consider (29).

Then �+(t) ≤ ε
∑D(G)−2

i=0 (1−pi min)(emax −ε)D(G)−2−i = L+
for all t ≥ D(G) − 1 with D(G) in Definition 3.

Proof: Consider the sequence of nodes n1, n2, . . . , nT in the
proof of Theorem 2. It follows that T ≤ D(G). Then the result
holds if for t ≥ i − 1 and i ∈ {1, . . . , T}

p̂ni(t) ≤ pni + ε

i−2∑
l=0

(1 − pl min)(emax − ε)i−2−l. (32)

We prove (32) by induction. It holds for i = 1 by (2) and (29).
Suppose (32) holds for some i ∈ {1, . . . , T − 1}. From (29)

and our induction hypothesis, for all t ≥ i,

p̂ni+1(t) ≤ 1 − (
1 − p̂ni(t − 1)

)
ēni+1ni(t − 1)

≤ 1 − (
1 − p̂ni(t − 1)

)
(eni+1ni − ε) (33)

≤ 1 −
(

1 − pni − ε

i−2∑
l=0

(1 − pl min)(emax − ε)i−2−l

)

× (eni+1ni − ε) (34)

= pni+1 + (1 − pni)ε

+ (eni+1ni − ε)ε

i−2∑
l=0

(1 − pl min)(emax − ε)i−2−l

≤ pni+1 + (1 − pi−1 min)ε

+ (emax − ε)ε

i−2∑
l=0

(1 − pl min)(emax − ε)i−2−l

= pni+1 + ε

i−1∑
l=0

(1 − pl min)(emax − ε)i−1−l (35)

where (33) uses (26), (27) and the fact that 0 ≤ p̂ni(t −1) < 1
by (31), (34) uses eni+1ni > ε and (35) uses (2).

For �−(t), we use a variant of the comparison principle,
by using an expanded graph, G+ = (V, E+) defined below.

Definition 5: Given G = (V, E), the undirected graph
G+ = (V, E+), has the property that edge (i, j) ∈ E+ iff
(i, j) ∈ E. The edge value e+

ij between nodes i and j obeys
e+

ij = eij + ε, with ε defined in (27). Further G+ has the same
source set S as G, each i has the same set of neighbors as in
G, and Pi is the probability of failure from the source set to i,
i.e., plays the role of pi in G. We define D(G+) as the effec-
tive diameter of G+, and F+

i the set of nodes whose longest
MPPs have i + 1 nodes in G+.

We further define

p+
i min = min

j∈F+
i

{Pj} ∈ [0, 1), (36)

Note p+
0 min = 0 as F+

0 = S. Define P̂i(t) as the estimated
failure probability of i ∈ V in G+. As G+ is fixed, we obtain

P̂i(t + 1) =
{

min
j∈N (i)

{1 − (1 − P̂j(t)) · (eij + ε)} i /∈ S

0 i ∈ S
(37)

Lemma 5 establishes a relation between in G and G+.
Lemma 5: Under Assumption 2, consider P̂i(t) defined

in (37) and p̂i(t) defined in (29). Suppose for all i ∈ V ,
p̂i(0) ≥ P̂i(0). Then p̂i(t) ≥ P̂i(t) for all i ∈ V and t ≥ 0.

Proof: Use induction. The result holds for t = 0. Suppose
for some t ≥ 0, p̂i(t) ≥ P̂i(t) for all i ∈ V . Suppose j ∈ N (i)
is a constraining node of i at time t + 1 in (29). Then:

P̂i(t + 1) ≤ 1 − (1 − P̂j(t))(eij + ε) (38)

≤ 1 − (1 − p̂j(t))(eij + ε) (39)

≤ 1 − (1 − p̂j(t))ēij(t) = p̂i(t + 1) (40)

where (38) uses (37), (39) uses the induction hypothesis,
and (40) uses (27) and the fact that 0 ≤ p̂j(t) < 1.

Thus, the probability estimates p̂i(t) in (29) are lower
bounded by P̂i(t) in (37) for p̂i(0) ≥ P̂i(0). Further, as G+
satisfies the same assumptions as G, and is perturbation free,
both �+(t) and �−(t) of (37) converge to zero. Lemma 6
obtains ultimate bound on �− of (29), by relating Pi to pi.
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Lemma 6: Suppose Assumption 2 holds. Then for all i ∈ V ,

pi ≤ Pi + ε

D(G+)−2∑
l=0

(1 − p+
l min)e

D(G+)−2−l
max . (41)

Proof: Consider n1, n2, . . . , nT1 , such that n1 ∈ S, and for all
i ∈ {1, . . . , T1−1}, ni is a true constraining node of ni+1 in G+.
Every node in G+ is in one such sequence, and T1 ≤ D(G+).
Then the result holds if for all i ∈ {1, . . . , T1},

pni ≤ Pni + ε

i−2∑
l=0

(1 − p+
l min)e

i−2−l
max , (42)

where the summation is zero if the lower limit exceeds the
upper. As pn1 = Pn1 = 0, (42) holds for i = 1. Suppose (42)
holds for some i ∈ {1, . . . , T1 − 1}. As ni and ni+1 are neigh-
bors in both G and G+, ni is a true constraining node of ni+1
in G+, (27) and (36) hold, pni+1 obeys

pni+1 ≤ 1 − (1 − pni)eni+1ni

≤ 1 − (1 − Pni − ε

i−2∑
l=0

(1 − p+
l min)e

i−2−l
max )eni+1ni

= 1 − (1 − Pni)(eni+1ni + ε) + (1 − Pni)ε

+ eni+1niε

i−2∑
l=0

(1 − p+
l min)e

i−2−l
max

≤ Pni+1 + (1 − p+
i−1 min)ε + emaxε

i−2∑
l=0

(1 − p+
l min)e

i−2−l
max

= Pni+1 + ε

i−1∑
l=0

(1 − p+
l min)e

i−1−l
max

Thus (42) holds and our result follows.
We now prove the ultimate boundedness of �−.
Lemma 7: Consider (29) under Assumption 2, with

pmax(G+) defined in Theorem 3. Then for all

t ≥ T1 =
⌈

logemax+ε

(
1 − pmax(G+)

1 − p̂min(0)

)⌉
, (43)

there holds:

�−(t) ≤ ε

D(G+)−2∑
l=0

(1 − p+
l min)e

D(G+)−2−l
max = L−. (44)

Proof: Consider (37) in G+ with the initialization in
Lemma 5. As G+ satisfies Assumption 1, P̂i(t) ≥ Pi for all
i ∈ V after a finite time T1. Thus from Lemma 5, p̂i(t) ≥ Pi
for all t ≥ T1 and i ∈ V . From Lemma 6, for t ≥ T1,

− �i(t) ≤ pi − Pi

≤ Pi + ε

D(G+)−2∑
l=0

(1 − p+
l min)e

i−2−l
max − Pi

= ε

D(G+)−2∑
l=0

(1 − p+
l min)e

i−2−l
max .

From Theorem 3, T1 is the time when �−(t) of (37) goes to
zero. With Lemma 3 and Theorem 3, T1 obeys (43).

Now the tightness of the bound and the time to attain it:

Fig. 2. Illustration of the tightness of the ultimate bounds and the time
to attain the ultimate bounds under perturbations.

Theorem 4: Consider (29), the conditions of Lemma 4 and
Lemma 7. Then with L+ and L− defined in lemmas 4 and 7
respectively, L(t) in (5) obeys L(t) ≤ L+ + L−, ∀t ≥ T ′.
With T1 defined in (43), T ′ = max{D(G) − 1, T1}. For every
|V| > 3, there exist G and perturbations obeying Assumption 2
for which the bound is attained in precisely T ′ steps.

Proof: Ultimate boundedness follows from Lemma 4 and 7.
For the tightness of the ultimate bound and the time to attain
it, consider the graphs in Figure 2, the right the perturbed ver-
sion of the left. Assumptions 2 and 1 hold. The probability
estimates in the perturbed graph converge to their correct val-
ues as the eij are fixed. As e = emax in this case, substituting
e by emax − ε in (22) we get pn = 1 − (emax − ε)n and �+ =
en

max − (emax − ε)n = ε
∑n−1

i=0 ei
max(emax − ε)n−1−i. Further as

pi min = 1−en
max and D(G) = n+1 this equals L+ in Lemma 4.

From the proof of Theorem 3 this is attained in exactly
D(G) − 1 steps provided p̂i(0) > pn for all i ∈ {1, . . . , n}.
Substituting e by emax+ε in (22), p2n = p3n = 1−(emax+ε)n.
It is readily checked that 2n has the greatest underestimate.
Using the fact that p+

l min = 1 − (emax + ε)l a similar argument
as above shows that the L− is precisely met and as in the proof
of Theorem 3 in exactly T1 steps provided p̂i(0) = 0 for all
i ∈ {n + 1, . . . , 3n}. For |V| �= 3n + 1 use same devices as in
the proof of Theorem 3.

This establishes a tight ultimate bound and a tight bound on
the time to achieve it. Again, from the proof of this theorem,
max{L+, L−} is a tight ultimate bound for L1(t) = ‖�(t)‖∞,
while the tight bound on its time to attainment is still T ′. We
can also obtain MPPs using ABF by minimizing − log(1 −
pi) = − log qi. In this case q̂i(t), the estimate of qi, which is 0
if i ∈ S and min

j∈N (i)
{− log q̂j(t) − log eij} otherwise, is identical

to ABF with same convergence time as for (3). However, as
the perturbed update is log [eij + εij] − log eij, [4, Lemma 5]
and consequently the tight ultimate bounds obtained for ABF
in [4], do not hold.

VI. SIMULATIONS

We use a graph with 500 nodes two being sources, uni-
formly distributed in a 4 × 1 km2 area, communicating in
a 0.25 km radius. We run 5 times with asymmetric noise
in the estimated eij which change from their nominal val-
ues as in (26), and the noise εij(t) is U[ − min{emin, 1 −
emax}, min{emin, 1 − emax}], thus obeying (27).

Simulation results are shown in Figure 3, ε = 5.8 ×
10−5, 2.7 × 10−4, 7.0 × 10−5, 1.1 × 10−4 and 2.3 × 10−5 for
those 5 trials. �+(t) becomes lower than its predicted ulti-
mate bound after 20 rounds with D(G) ranging from 20 to
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Fig. 3. Trace of (a) �+(t) and its ultimate bound, and (b) �−(t) and its
ultimate bound for 5 runs.

27: �−(t) takes longer to drop below its ultimate bound. This
is so as from (43) in Lemma 7: The time for �−(t) to be
ultimately bounded depends on factors beyond D(G).

VII. CONCLUSION

We have proved the regional stability of MPPA by using a
Lyapunov approach. We have shown that the algorithm is ulti-
mately bounded under persistent perturbations, have provided
tight bounds on the ultimate bounds and the time to attain
them in terms of global parameters like D(G).

Though Bellman’s equations like (2), though not (2) itself,
have been analyzed, barring [4], Lyapunov analysis is rare.
Lyapunov analyses permit the establishment of tight ultimate
bounds under persistent perturbations. As described in [4],
while there is perturbation analysis of Bellman’s equations,
e.g., in path finding, such analyses assume that perturba-
tions in the shortest path from a source to a destination have
subsided.

Further, aggregate computing requires the analysis of
block compositions of multiple Bellman’s equations, fre-
quently under feedback. A Lyapunov framework together and
tight ultimate bounds open up the prospect non-conservative
close loop analysis using Lyapunov-based small gain
theorems, [5].

APPENDIX

Proof of (25) and the fact that p̂2n(t) < p2n, ∀ t < nm: By
symmetry p̂n+i(t) = p̂2n+i(t). Call n + i and 2n + i partners.
From (22) the result holds if for all i ∈ {1, . . . , n},

p̂n+i(t) = 1 − et, ∀t < mi, p̂n+i(t) = pn+i,∀t ≥ mi. (45)

From (3), partners constrain each other until for some j ∈
N (n + i), (1 − p̂n+i(t))emax < (1 − p̂j(t))e, i.e.,

1 − p̂n+i(t) < (1 − p̂j(t))e
m−1
max , for some j ∈ N (i). (46)

As p̂0(0) = p̂n+i(0) = p̂2n+i(0), (46) is violated at
t = 0 and from (3), 1 − p̂n+i(t) = et

max, until the
partners stop constraining each other. We prove (45) using
induction on i.

Note 2n + i is a valid constraining node of n + i as long
as all of n + i’s neighbors have estimates 1 − et. Only n + 1
and 2n + 1 have edges to a node with a different estimate,
namely 0. From (46), n + 1 and 2n + 1 stop constraining
each other when et > em−1

max , i.e., at t = m. In fact 0 con-
strains n + 1 and 2n + 1 for all t ≥ m. Thus as p̂0(t) = 0,
p̂n+1(t) = 1 − e and from (22), (45) holds for i = 1, initiating
the induction.

Suppose the result holds for some � ∈ {2, . . . , n} and all
i ∈ {1, . . . , �−1}. By the induction hypothesis 1−p̂n+�−1(t) =
em(�−1)

max , ∀ t ≥ m(� − 1). For all j ≥ �, 2n + j constrains n + j
until n+� is constrained by n+�−1. From (46) this will happen
if et

max < em(�−1)+m−1
max , i.e., at t = m�. At this point while the

nodes n + j, j > � are still constrained by their partner, (45)
holds for i = � as from (3), p̂n+�(t) = 1 − e�−1e = p�,
∀t ≥ m�.
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